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Abstract. We provide an elementary and self-contained derivation of 
formulae for products and ratios of characteristic polynomials from clas- 
sical groups using classical results due to Weyl and Littlewood. 



1. Introduction 

The study of averages of characteristic polynomials of random matrices 
has attracted considerable attention in recent years. The interest has been 
motivated, in part, by connections with number theory, following the pi- 
oneering work of Keating and Snaith [39]; and, in part, by importance of 
these averages in quantum chaos, first discussed by Andreev and Simons 
[1]. Over the ensuing years it has become increasingly clear that averages of 
characteristic polynomials are a fundamental characteristic of random ma- 
trix models (see, for example, discussion in [8, 1.6] were the authors argue 
that they might be more fundamental than correlation functions). Results 
in the case of Hermitian ensembles were obtained in Baik, Deift and Stra- 
hov [2], Borodin and Strahov [8], Brezin and Hikami [9], [10], [11], [12], 
Forrester and Keating [27], Fyodorov [28], Fyodorov and Keating [29], Fyo- 
dorov and Strahov [31], [32], [30], Mehta and Normand [47] and Strahov and 
Fyodorov [52]. Averages of products in the case of compact classical groups 
were considered by Conrey, Farmer, Keating, Rubinstein, and Snaith in [17] 
in connection with conjectures for integral moments of zeta and L-functions 
[16]. 

Recently the averages of ratios in the case of compact classical groups were 
considered by Conrey, Farmer, and Zirnbauer [15] and by Conrey, Forrester 
and Snaith [18]. The approach in [15] is based on using supersymmetry 
and the theory of dual reductive pairs. The approach in [18] is based on 
reducing the orthogonal and symplectic case to the case of unitary invariant 
Hermitian matrices and then invoking the results obtained by Fyodorov and 
Strahov [32] and by Baik, Deift and Strahov [2]; the case of unitary group is 
treated by appealing to the formula of Day [21] for Toeplitz determinants, 
for which the authors give a self-contained derivation using the method of 
Basor and Forrester [5]. 
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second author was supported in part by the NSF postdoctoral fellowship. 

1 



2 



DANIEL BUMP AND ALEX GAMBURD 



The goal of this paper is to provide an elementary and self-contained 
derivation of formulas for products of characteristic polynomials form clas- 
sical groups, obtained in [17]; and for their ratios, obtained in [15] and [18]. 
We also obtain an elementary derivation of the formulas for integral mo- 
ments of characteristic polynomials derived by Keating and Snaith [39, 40] 
using Selberg's integral. Our proofs use classical results due to Weyl [54] 
and Littlewood [44] and can be viewed as application of symmetric function 
theory in random matrix theory along the lines pioneered by Diaconis and 
Shahshahani [24] and applied in Rains [49], Bump and Diaconis [14], Baik 
and Rains [3], Diaconis [22] and Diaconis and Gamburd [23]. We begin with 
review of symmetric function theory in Section 2 and consider unitary group 
in Section 3. 

In a nutshell, our method consists of expressing the mean value of a 
product or ratio of characteristic polynomials on a group G in terms of a 
symmetric function (such as a Schur polynomial) related to a character of 
an irreducible representation whose highest weight vector is a partition of 
"rectangular shape," then reducing that value as a sum over elements of 
W/Wm, where W is the Weyl group of G, M is a subgroup of G and Wm 
is the Weyl group of M. This point is explained in Section 4. Symplectic 
group is considered in Section 5 and Orthogonal Group is considered in 
section 6. Our results imply simple derivations of formulas for classical group 
characters of rectangular shape due to Okada [48] and Krattenthaler [42] and 
yield several generalizations; this is considered in Section 7. 

2. Review of symmetric functions theory 

2.1. Schur functions. A partition A is a sequence Ai ^ A2 ^ • • • of non- 
negative integers, eventually zero. By abuse of notation, we write A = 
(Ai, A2, • • • , A n ) for any n such that A n+ i = 0. There is a unique n such that 
X n > but A n +i = and this n = /(A) is the length of A. We call |A| = ^ Aj 
the size of A. If i > let rrii = mj(A) be the number of parts Xj of A equal 
to i; in this case, we write A = (l m i2 m2 3 m3 • • • ). 

The Young diagram of a partition A is defined as the set of points (i,j) £ 
1? such that 1 ^ i ^ Xj; it is often convenient to replace the set of points 
above by squares. The conjugate partition A' of A is defined by the condition 
that the Young diagram of A' is the transpose of the Young diagram of A; 
equivalently mj(A') = Aj — Aj+i. 



Young diagram of A Young diagram of A' 

In the figure we exhibited a partition A = (5,5,3,2) = (1°2 1 3 1 5 2 ); A h 15 
and /(A) = 4. 
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Let A and \i be partitions. We define A + /j, to be the partition (Ai + 
Hi, A2 + H2, ■ • ■ )■ On the other hand we define A U /i to be the partition 
whose parts are the union of the parts of A and fi, arranged in descending 
order. For example if A = (321) and fx = (22) then A + \x = (541) and 
A U fi = (32221). The operations + and U are dual to each other: 

(A + n)' = A' U //. 

We write A D \i if the diagram of A contains the diagram of fj,, or equivalently, 
if Aj ^ fii for all i. 

The elementary symmetric functions e r (x±, . . . , x n ) are defined by 

(1) e r (xi, . . . , x n ) = ^ ^ Xi Y . . . %i r \ 

%\<—<i T 

complete symmetric functions h r (x±, . . . , xn) are defined by 



(2) 



fl r (xi, . . . , X n ") — ^ ^ Xi l . . . Xi 



Now given a partition A, we define 
(3) 

and similarly 

(4) 



e x (xi, . . . ,x n ) = 

3=1 



j Xn) 



hx(xi,...,x n ) = Y[h Xj (xi,...,x n ). 

3=1 

Schur functions are symmetric polynomials indexed by partitions. If A is 
any partition of length ^ n we define 



det x- 



s x (xi,--- ,x n ) 



\j+n-j\ n 



det 



(5) 



x 



Ai+n-l „,A 2 +n-2 



Ai+n-1 A 2 +n-2 



X 



„Ai+n— 1 A 2 +n-2 
x n ~n 

2 



„n-l 



„n— 1 ™n— 2 



If l(X) > n we define s x (xi, • • • , x n ) = 0. 
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The denominator in (5) is a Vandermonde determinant admitting the 
following simple evaluation: 

(6) det(xH)= II (*;-**)• 

Let A^ n ) = A^ n ) (x) denote the ring of symmetric polynomials with integer 
coefficients in x±,--- ,x n . Then s\(xi,--- ,x n ) G A( n ). We have a homo- 
morphism A( n+1 ) — > A*™) in which the last variable x n +i is specialized to 
0, and under this homomorphism it is easy to see from the definition that 
this specialization takes s\ to s\; that is, 

(7) s x (xi, • • • , x n , 0) = s x (x 1 , • • • , x n ). 

This means that s\ may be regarded as an element of the ring A 

A = A(x) =lim AW(i). 

The ring A is a polynomial ring in either hi, l%2, ■ ■ ■ or e±, e-i, ■ ■ ■ where h n = 
S( n } and e n = s/]n\ (Bump [13], Proposition 36.5 or Macdonald [46], p. 22). 
It is a free abelian group with basis s\, as A runs through all partitions. 
The ring A*™) is a free abelian group with basis S\, as A runs through the 
partitions of length ^ n. 

The ring A has an involution t which interchanges h n < — ► e n (Bump [13], 
Theorem 36.3). This involution takes s\ to sy (Bump [13], Theorem 37.2 
or Macdonald [46], (3.8) on p. 42). 

We will make crucial use of the following classical result (see Weyl [54], 
Lemma 7. 6. A; or, for modern presentations, Bump [13], Chapter 43 or Mac- 
donald [46], (4.3) on p. 63.) 

Proposition 1. (Cauchy identity) Let xi, ■ ■ ■ ,x p and yi, ■ ■ ■ ,y q be two 

sets of variables. Then 

vi 

( 8 ) II II^ 1 ~ x iVj)~ l = J2 Sx ( Xl >- ■ • ' x p) s A(yi,- • -,y q ), 

i=lj=l X 
where the sum is over all partitions A of length ^ min(p, q) . 

Both sides are convergent provided the \xi\ and \yj\ are all less than 1; 
otherwise, this may be regarded as a formal identity. 
We have also the dual Cauchy identity 
p q 

( 9 ) nn^ 1 + Xi ^') = J2 s \(xi,---,Xp)s X '(yi,---,y q )- 

i=lj=l X 

The right hand side is a finite sum, since unless l(X) ^ p and l(X') ^ q we 
have either s\ = or s\> = 0, so the diagram of A must fit inside a p x q 
rectangle. 

The dual Cauchy identity can be deduced from the standard Cauchy 
identity by making use of the involution on A. See Bump [13], Theorem 43.5 
or Macdonald [46], (4.3') on p. 65. 
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If fi and v cir6 partitions, then SuSy can be decomposed into Schur poly- 
nomials; we write 

(10) s^s v = ^cl u s x . 

A 

where the sum is over partitions A of size + \v\. It follows from (7) that 
the Littlewood- Richardson coefficients c A are independent of n, and they 
are determined by this equation provided n ^ |A| + (so that the s u are 
linearly independent). 

Let xi, ■ ■ ■ ,x p and yi, ■ ■ ■ ,y q be two sets of variables. The Littlewood- 
Richardson coefficients also appear in 

(11) s\(x!,--- ,x p ,y!,--- ,y q ) = ^c^s M (xi,--- , x p )s l/ (y 1 , ■ ■ ■ ,y q ). 

See Macdonald [46], (5.9) on p. 72, who proves (11) from (10) using the 
Cauchy identity. We will also give a proof (which is closely related to Mac- 
donald's) in Section 2.4. 

Particular cases of (10) are furnished by Pieri's formula (see Bump [13], 
Theorem 42.4 or Macdonald [46], (5.16) on p. 73.) If A D fi are partitions, 
we say that A — fi is a horizontal strip if no two elements of the set theoretic 
difference of their diagrams lie in the same column; and we say that A — fi 
is a vertical strip no two elements of the set theoretic difference of their 
diagrams lie in the same row. 

The content of Pieri's formula is that 

A J 1 if A — fi is a horizontal strip and |A| — = r; 
) v |() otherwise. 

Equivalently, we can write 

(13) s^h r = ^2s\, 

A 

where the summation is over all partitions A such that A — fi is a horizontal 
r-strip. 

Similarly we have 

(14) s M e r = ^s A , 

A 

where the summation is over all partitions A such that A — \x is a vertical 
r-strip. 

From (11) and (13) it follows that 



(15) s A (xi, ...,x k ,y) = ^2 s m( x 1' ■ ■ ■ > x k)v 



|A-a*| 



where the sum is over partitions fi such that A — [i is a horizontal strip. 
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We denote by k n = (k n ) the partition (k, . . . , k) of length n; assuming 
that A is a partition of length less than or equal to n we denote 

A + k n = (Ai + k, ...,A„ + k). 

We have 

(16) s\ +k n(xi,--- ,x n ) = e*(xi,--- ,x n )s\(xi,--- ,x n ). 

This is immediate from the definition of the Schur polynomial together with 
the fact that e n (xi, • • • ,x n ) = x± ■ ■ ■ x n . 

2.2. Connection with unitary group. Let g € GL(n, C) have eigen- 
values ti,--- ,t n . Assuming that the length l(X) ^ n, we define Xx{d) = 
X^id) = s \(ti, • • • ,t n ). (The assumption on l(X) is necessary since other- 
wise s\(ti, • • • ,tn) = 0.) The following result is a special case of the Weyl 
character formula [54] , which expresses the characters of compact Lie groups 
as ratios of alternating functions; see, for example, Bump [13], Theorem 38.2. 
for a modern exposition. 

Proposition 2. If X is a partition of length ^ n, the function xx * s the 
character of an irreducible analytic representation it\ = -k^ o/GL(n, C). It 
is irreducible; in fact, its restriction to U(n) is irreducible. 

As a consequence, we have Schur orthogonality for the functions \\- Let 
( , ) denote the inner product with respect to the Haar measure on G = 
U (n), normalized so that the volume of G is 1. Then if A and \i are dominant 
weights, we have 

( 17 ) (XA,X M ) = | Q otherw ^ e . 

Now (16) implies that if fi = X + k n , then x>i = det fc <S> x\- From this ob- 
servation we may extend the definition of xx as follows. If fi = (fi±, • • • , fj, n ) 
where ^ are integers (possibly negative) and fi± ^ ■ ■ ■ ^ (i n , then we call \i 
a dominant weight. Thus the dominant weight fi is a partition if and only 
if n n ^ 0. We can always write fx = A + (k n ) where A is a partition for some 
k; for example, we can take k = fi n . Then we define Xix = det fc % x\- It is of 
course the character of an irreducible analytic representation of GL(n,C), 
or its compact subgroup U (n) . The following result is due to Weyl [54] ; see 
Bump [13], Theorem 38.3. for a modern presentation. 

Theorem 1. The characters of the irreducible analytic representations of 
GL(n, C) are precisely the xx cls X runs through the dominant weights. Their 
restrictions to U(n) are precisely the irreducible characters ofU(n). 

If A is a partition, we call the representation tt\ of GL(n, C) with character 
Xx a polynomial representation since its matrix coefficients are polynomials 
of the coordinate functions gij of g G GL(n, C). If A is a dominant weight 
that is not necessarily a partition, we call ir\ a rational representation. Its 
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matrix coefficients may have denominators that are powers of the determi- 
nant. 

The value of s\(l n ) gives the dimension of the irreducible representation of 
U (n) with highest weight A. From (5) using l'Hopital rule one easily derives 
for A = (Ai,...,A n ) the following formula, known as the Weyl dimension 
formula [54]: 



(18) s x (l, 
where /Xj = Aj + n — i. 



1 



Yh<j(Vi - Vj) 
Ui<j(i-j) 



8 


7 


5 


CO 


2 


7 


6 


4 


2 


1 


4 


3 


1 






2 


1 









Figure 1 



It is easy to deduce that the right-hand side of (18) can be expressed in 
the following equivalent form (see [46] or [51]): 



(19) 



sx(l n ) 



n 



n + c(u) 
h(u) ' 



where for a box u in a diagram A, h(u) is a hook number of u and c(u) is a 
content number of u, which we now define. Given a diagram A and a square 
u = (hj) £ \ the content of A at u is defined by c(u) = j — i. A hook with 
a vertex it is a set of squares in A directly to the right or directly below u. 
We define hook-length (also referred to as hook number) h(u) of A at u by 

h(u) = Xi + X'j-i- j + 

Equivalently, h{u) is the number of squares directly to the right or directly 
below u, counting u itself once. For instance, in figure 1 we display hook 
lengths for partition A = (5, 5, 3, 2). 

2.3. Laplace expansion. The following classical result from linear algebra 
will be used repeatedly in what follows; its deeper meaning and significance 
will be discussed in Section 4. 

Proposition3. (Laplace expansion) Fix L rows of the matrix A. Then 
the sum of products of the minors of order L that belong to these rows by 
their cof actors is equal to the determinant of A. 

Let E l k consist of all permutations a G Sk+ l such that 

(20) a(l) <■■■ <a(L), a(L + !)<■■■< a(L + K). 
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Given (K + L) x (K + L) matrix A = (a^) Laplace expansion in the first L 
rows can be written as follows: 



det(ay) = ^2 sgn(a) 



Ol,<x(l) 



Oi,«t(L) 



a L,<r(l) • • • a L,a(L) 



a L+l,a(L+l) 



a L+K,a(L+l) 



a L+K,cr{L+K) 
a L+K,a(L+K) 



We now record two simple applications of the Laplace expansion. 



Lemma 1. Suppose A = r U p with A = (Ai, . . . , Xl+k), t = (Ai, . . . , Xl) 
and p= (X l+ i,...,X l+k )- Then 

s\(ai,--- ,a L+K ) = ^2 II ( a a(i) ~ a^L+k))' 1 



l<k<K 



(21) 



:S T+(K L )( a a(l), • • • ,a CT (L)) s p(a(T(L+l),--- ,(*<j(L+K)) 



Proof We apply the Laplace expansion in the first L rows to the determi- 
nant in 



s\(ai,--- ,a L+K ) = A 1 



a 



a 



K+L 



a 



K+X L 
1 



a 



a 



K+\ L+1 -l 

1 



K+\ L 
K+L 



a 



K+\ L+1 -l 
K+L 



A 



a 



K+L 



a 



K+L 



where 



A 



a 



a 



K+L-l 
1 

K+L-2 
1 



a 



a 



K+L-l 
K+L 
K+L-2 
K+L 

1 



- ctj) = sgn(cr) JJ(a CTW - a a{j) ) 



i<j 



i<j 



and simplify. 

Lemma 2. For X C (iV fe ) let X = (k - X' N , ■ ■ ■ , k — X[). Then we have 

k N 

(22) HH{xi-t n )= (-1) |X| sa(*i,--- ,x k )s~ x (h,--- ,t N ). 

i=l n=l XCN k 

Using the fact that 

s„(-ti,-" ,-t N ) = (-l)M Sfl (t lr -- ,t N ) 
the formula may be written 

k N 

( 23 ) nn^ + ^) = s a(2;i,--- ,x k )s~ x (*!,-•• ,t N ). 

i=l n=l ACAf fc 



□ 
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Generalizations of this Lemma will be given below in Proposition 9 and 
also in Lemma 4, Lemma 6, and Lemma 5. 

Proof Using the definition of Schur functions (5) and the Laplace expansion 
we can rewrite the right-hand side of (22) as follows: 



dct 



(24) 



„N+k-l 



.N+k-1 
k 

N+k-1 
1 



JV+fc-2 



„N+k-2 
k 

.N+k-2 



t 



N+k-1 .N+k-2 



N 



U N 



1 



ni^i<j<gfc( x « Xj) rii<i<j^Ar(*j tj) 

Now the determinant in the equation (24) can be evaluated using the 
formula for Vandermonde determinant formula (6) to be equal to 

k N 

(25) n (xi-xj) n ^-tj)ini(x t -t n ). 

l<j<i^fc l^i<j<N i=ln=l 

Combining (24) and (25) completes the proof. See Remark 1 below. □ 

Remark 1. The following combinatorial fact is used implicitly in the last 
proof in determining which pair of Schur functions appears: if A is a partition 
such that Ai ^ N and A' x ^ k, then the N + k numbers Aj + k — i (for 
1 ^ i ^ k) and k — 1 + j — A^ (for 1 ^ j ^ N) are a permutation of 
{0, 1, 2, . . . ,N + A; - 1}. See Macdonald [46], (1.7) on p.3., or Bump [13], 
Proposition 37.2. 



Remark 2. Lemma 2 can by proved by a simple application of dual Cauchy 
identity; conversely dual Cauchy is an immediate consequence of this Lemma. 

2.4. On the role of Howe duality in symmetric function theory. 

The Cauchy identity (8) and dual Cauchy identity (9) play a crucial role in 
our derivations. While (as indicated in Remark 2) they admit simple formal 
or combinatorial proofs (see for example Macdonald [46] or Stanley [51]), 
their deeper meaning is revealed by Howe's theory of dual pairs which we 
briefly review in this section. 

Let G and H be groups, and let u be a representation of GxH. Following 
Howe [35], [34], [37], we say that to is a correspondence if lo = ©j e /7Tj <8> o~i 
where the 7Tj are irreducible representations of G and the U{ are irreducible 
representations of H, and if there are no repetitions among the (isomorphism 

classes of the) 7Tj, nor among the <7j. In this case 7Tj < ► G{ is the graph 

of a bijection between a set of irreducible representations of G and a set 
of irreducible representations of H. We call this bijection the graph of the 
correspondence. We refer to G x H as the dual pair of the correspondence. 



10 



DANIEL BUMP AND ALEX GAMBURD 



A classical example is furnished by Frobenius-Schur duality, going back 
to Schur's dissertation and emphasized by Weyl [54]. This is the fact that 
if V = C n , then U(n) and the symmetric group Sk act on &) k V; the group 
U(n) acts by g : v\ <g) ■ ■ ■ <8> — ► (gvi) <8> ■ ■ ■ <8> (gvk), while acts by 
permuting the components. These actions commute with each other, and 
they therefore give rise to a representation of U(n) x S/.. Frobenius-Schur 
duality is the fact that this representation is a correspondence. Frobenius- 
Schur duality allows computations on the unitary group sometimes to be 
transferred to the symmetric group, a principle that has applications to 
random matrix theory. See, for example Diaconis and Shahshahani [24] and 
Bump and Diaconis [14]. 

As as second example, the representation of GL(p, C) x GL(q,C) on the 
symmetric algebra V Mat pX(? (C), or equivalently of the subgroups U(p) x 
U(q) is a correspondence. We now have the following interpretation of 
Cauchy identity. Let the group GL(p, C) x GL(q,C) act on Mat pX(? (C) by 
left and right translation; that is, 

{91,92) ■ X — > g\X t g 2 . 

Thus GL(p, C) x GL(g,C) acts on the symmetric algebra V Mat pX q(C), and 
we consider the trace of 

(( X1 \ ( V1 w 

(91,92) = ■■. , ■■. , 0< \xi\, \yj\ < 1. 

V V x p J \ y q ) ) 

Since the eigenvalues of (gi,g 2 ) on Mat pX g(C) are the pq quantities xiyj, 

p q 00 

nn^ 1- ^^')" 1 = ^2 h k(xiyi,--- ,x p y q ) 

i=lj=l k=0 

= tr ((01,02) I \/Matp X ,(C)) . 

Hence the Cauchy identity amounts to the statement that as GL(p, C) x 
GL(q, C) modules, 



(26) 



V^WC) = 0xf(ji) ®X^{92 



where the sum is over all partitions A of length ^ min(p, q). This con- 
crete interpretation is the basis of the proofs in Bump [13], Chapter 43 and 
Howe [37]. 

The dual Cauchy identity describes the decomposition of the exterior 
algebra over Matp X g(C), which (unlike the symmetric algebra) is finite- 
dimensional; it is discussed from the point of view of dual pairs in Howe [37]. 

We now turn to the discussion of (10) and (11) from the point of view of 
the theory of dual pairs. Equation (10) describes the decomposition rule for 



AVERAGES OF CHARACTERISTIC POLYNOMIALS 



11 



tensor products of representations of GL(n, C), or equivalently, the compact 
subgroup U(n) of GL(n,C): 

Xa^ = E or vr A ® vr, = c\^ v . 

V V 

Formula (11) is a reflection of the fact that Littlewood-Richardson co- 
efficients appear in a different context, namely in the branching rule from 
U{p + q, C) to the subgroup U(p) x U(q). 

Given completely reducible representations, V and W of groups G and 
H respectively, together with an embedding H ^ G, we let [V, W] = 
dimHoinff (W, V), where V is regarded as a representation of H by re- 
striction. If W is irreducible, then [V, W] is the multiplicity of W in V. A 
description of the numbers [V, W] is referred in the mathematics and physics 
literature as a branching rule. We refer to Howe, Tan and Willenbring [36] 
for discussion of the problem of obtaining branching rules from the point of 
view of dual reductive pairs, and to King [41] for an extremely useful survey 
of known branching rules. 

Now (11) follows from the following result by evaluating \\ on a matrix 
of U(p + q) with eigenvalues x\, ■ ■ ■ ,x p in U(p) and y±, ■ ■ ■ , y g in U(q). 

Theorem 2. We have 

X < ? +q) \u(p)xU(q)(9l,92) = E C V^ A ^i)Xm(52), 

(27) 4 P+<?) (<71,<72) = (B^xbn)®*^). 

Whippman [55] attributes this fact to Coleman and (independently) Robin- 
son. See also King [41]. The following proof is essentially the same as the 
one in Howe, Tan and Willenbring [36]. 

Proof Let O be a group and let w be a representation of fi. Let G± be 
a subgroup of S7, and let H2 be its centralizer. We assume that G\ is the 
centralizer of H2. We allow the possibility that G\ and H2 have nontrivial 
intersection. Even so, (g, h) — ► gh is a homomorphism G\ x H2 — ► and 
so uj gives rise to a representation of G x H. We are interested in the case 
where this restriction is a correspondence, so we may write 

-kx ff2 = 0^ (1) ^! 2) 

iei 

where ir^ and af^ are irreducible representations of G\ and H2, respec- 
tively, and tt^ < — > is the graph of the correspondence. 

Now suppose that H\ is a subgroup of G\ . Thus the centralizer G2 of H\ 
contains H2, and we assume that H\ is the centralizer of G2. We assume 
that uj\h 1 xG 2 i s a l so a correspondence, so we may write 
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where and -k^ are irreducible representations of Hi and G2, respec- 
tively. We thus have a seesaw: 




Hi H 2 

In this diagram, the vertical lines are inclusions, and the diagonal are the 
dual pairs of the two correspondences. 

Lemma 3. Let Gi D Hi and G2 D H2 be as above. If i € / i/ien on/y 
representations from the set \pf^ \jEJ} occur in the restriction of ir^ to 
Hi, so we have the "branching rule" 

(28) ^ = J>.f 

jeJ 

for some multiplicities Cjj . We have also for j G J £/te branching rule 

Proof Any representation in the restriction of 71"^ to iJi occurs in the 

restriction of w to ffi, so it is among the cr^. Thus we may write (28). 
Similarly we may write 

?6/ 

for some multiplicities c^, and is just a matter of showing that the Cy = c y -. 
We restrict uj to Hi x H2 and get isomorphisms of Hi x #2-modules: 

® a f) * .(i) ® a W * w * ff (D ® .GO * d%]G f ® a f> 

i,j i j i,j 

and the statement follows. □ 



We may now complete the proof of Theorem 2. We will exhibit a see-saw: 
U(p + q) U(n) X U(n) 



U(p) x U(q) U(n) 
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On the right side, U(n) is embedded diagonally in U(n) x U(n). The 
representation oj is the action of U((p + q)n) on the symmetric algebra on 
Mat(p +3 ) xn (C). The actions are as follows. Let 

X = ( xl ) G Mat ( P +g)xn(C), X x G Mat pxn (C), X 2 G Mat ?xn (C). 

The action of U(p+q) is by left multiplication, and the action of U(n) x U (n) 
is by right multiplication on X\ and X 2 individually. The centralizer of 
U(p + q) is the diagonal subgroup U (n) of ?7(n) x U(n) and the centralizer 
of U(n) x C/(n) is the subgroup U(p) x C/(g) of U(p + q). As we have already 
explained (26) shows that the restriction of to to either of these dual pairs is 
a correspondence, and the graphs of the correspondences are 7r^ +9 ^ < — ► tt^ 

for the dual pair (U(p + q), U(n)), and tt^ nft < > tt^ (g) tt^ for the 

dual pair (U(p) x U(q),U(n) x U(n)). The statement now follows from 
Lemma 3. □ 



3. Unitary group 

3.1. Products. The goal of this section is to give a simple proof of Propo- 
sition 4, first derived by Conrey, Farmer, Keating, Rubinstein, and Snaith 
in [17], and of Corollary 1, first derived by Keating and Snaith [40]. 

We always normalize the Haar measure on a compact group so the total 
volume is 1. All integrations will be with respect to Haar measure. We will 
also sometimes denote by Eg/ the integral of a function / over the group, 
its expected value with respect to the Haar probability measure. 

Proposition 4. Let a±, ■ ■ ■ , ax+L be complex numbers and let z,l,k consist 
of all permutations a G Sk+l described in (20). 
Then 

f (ndet(/ + Qr 1 -^ 1 )-]~[ det ( / + a ^+^)l dg = 

s (N L )( a li " ' ) a K+L) 



(29) 



nK i -1 \N 



Proof We have 




K 



Yl det(J + a l 1 -g l ) ]J det(/ + a L+k g) \ dg 

k=i J 

'<+L 

Q det(I + a k g)det(g) L dg. 



U(N) 



k=l 
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By the dual Cauchy identity, if t\, ■ ■ ■ are the eigenvalues of g, 

K+L 

Y[ det(I + a k g) = ^s A (ai,--- , ol k +l) sa'(*i> • • • ,t N ), 
k=l A 
where A runs through all partitions. 
Since 

det(g) L = s X '(h,--- ,t N ) 
where A = {N L } and A' = (L N ^. Thus integrating over g gives just this 
term. This proves the first line of (29). Now the second line follows by an 
application of Lemma 1. □ 

Remark 3. In view of discussion in Section 2.4 , we may characterize the 
preceding proof as using the dual pair U(N),U(k) to transfer the compu- 
tation from U(N) to U{k). This is fully analogous to the method used (for 
example) in Diaconis and Shahshahani [24] of using Frobenius-Schur duality 
to transfer computations from the unitary group to the symmetric group. 

Keating and Snaith [40] (see also Baker and Forrester [4]) proved Corol- 
lary 1 below (without restriction that k be an integer) using the Selberg 
integral (see Forrester [26] for a comprehensive and insightful discussion of 
the Selberg integral and its generalizations.) This result was important be- 
cause of its relationship to conjectures of Conrey and Ghosh [19], Conrey 
and Gonek [20], and Keating and Snaith [40] for the moments of the Rie- 
mann zeta function, due to which a dramatic new aspect of predictive power 
of random matrix theory for the zeta function was established . 

Corollary 1. We have 



Proof Propositions 4 applied with a« = 1 and L = K = k implies 

\2k j „ / r 2fc\ 



L 



det(g-I)\ 2k dg = s (Nk) (l 2k ). 

U(n) X ' 

We now apply (19). It is easy to see, that for a partition A = N k the 
product of hook numbers is given by 

3=0 J ' 

whereas the product J7 MgA (2/c + c(u)) is given by 

k N N 



the result follows. □ 
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3.2. Littlewood-Schur symmetric functions. While the proof of the 
result for ratios in the unitary case can be given using Schur functions only, 
it becomes more neat and transparent if we use the following generalization 
of Schur functions. These are called hook Schur functions by Berele and 
Regev [6] who denoted by them HS A (x;y). Macdonald [46, p. 27, ex. 5; 
p. 45, ex. 3]) denotes them s\(x/y). These functions were considered earlier 
by Littlewood [43], pp. 66-70 in 1936 (see also Littlewood [44] p. 114-118, 
the section entitled "Extension to rational fractions of the formula for the 
S-function as a quotient of determinants" ) . Littlewood gave a formula for 
the LS A when A = {p q }, which is important for us (a particular case of his 
formula is given in Proposition 9 below). We have not seen reference to this 
work of Littlewood in any of the post 1980-s papers. Perhaps an appropriate 
name for these functions is Littlewood-Schur symmetric functions, so we will 
denote them LS A . 

Let xi, ■ ■ ■ ,x k and y±, ■ ■ ■ ,yi be two sets of variables. Define 

LS A (xi,--- ,x k ; yi,--- ,yi) = ^ c^s^xi, ■ ■ ■ , x k )s u >{ y u ■ ■ ■ ,y t ). 

Since i is an automorphism of A we have c^ u = c£, v , and so 

(32) LS A (xi,-- - ,x k ; y 1: --- ,y t ) =LS y (y 1 ,--- ,w,xi,--- ,x k ). 

With possible exception of Proposition 8 the results in this section are not 
new, though the proofs may be. We start with the following generalization 
of Cauchy identity, due to Berele and Remmel [7], who also gave a bijective 
proof. 

Proposition 5. Let ati,--- ,a m , ,(3 n , 71,- ■■ ,7 S and 6i,--- ,S t be 

four sets of variables. We have 

y^LS A (ai, • • • ,a m ;Pi,--- , (3 n ) LS A (7i,--- ,7s;*i,--- ,St) = 

(33) - aok)- 1 U(l + OiSO + p nk ) - f3 3 5 l )-\ 

i,k i,l j,k j,l 

Proof By (11) and the Cauchy identity we have 

• ,a m )s u ((3i,- ■ ■ ,/3 n )^c^ T s (J (7i,--- ,7 a )s T («5i, ■ ■ ■ ,S t ) = 

<7,T 

^s A (oii,--- ,a m ,(3i,--- ,/3„)s A (7i,--- ,7 s ,<5i,--- ,5 t ) = 

A 

i,l j,k j,l 

Formally, the identity follows on applying the involution 1 in the variables f3 
and 5. To make a rigorous proof from this idea, we may proceed as follows. 



A n,v 

m- 

i,k 
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Rewrite the last identity 

EE c p s **( ai '"' ,ot m )s v {f5i,- ■ ■ ,/3„)^c^ T s t7 (7i, • • • ,7 s )s r (<5i,--- ,<S t ) 



m I oo 



i,fc i=l \AT=0 / 

n / oo \ 

x Hi 1 - A^)" 1 II E 0?M<*i, ■ ■ ■ , 5t) . 
j,fc i=i Vat=o / 

Since this is true for all t we may write 

^c^(«v ,a m )^(/3i, • • • ,/3n)^c^ r s (T (7i,--- ,7 s )s T = 

A H,v a,r 

in / oo \ 

- "^r 1 n E 

i,fc i=l ViV=0 / 

n / oo \ 

i,fc j=l ViV=0 / 

where now s T and /ijv are regarded as elements of the ring A which, we recall, 
is the inverse limit of the A^ N \ Applying the involution, which replaces s T 
by s T i and by e^, then specializing s T — ► s T (5i, • • • ,6t) gives 

EE c /^ s ^ ai '"' ' a ™Wft-'" ,Ai)LS A (7i,--- ,7 s ;(5i,--- ,<5 t ) = 

A W 

H(i - a llk r i Ha + «^/) n( x - /^r 1 ri( i + w- 

i,k i,l j,k j,l 

Now applying the same process again in the gives the result. □ 
Proposition 6. We have 

LS\(xi,--- ,x p+q ;yi,--- ,y t ) = E c ^u LS At (xi,- • • ,x p ;y u --- , yi)s v {x p+1 , ■ ■ ■ ,x p+q ). 

Proof By the definition of LSa and (11), we have 
LS A (xi, • • • ,x p+q ;y 1 , ■■■ ,y x ) 

= E c e0 c ^ s ^( x i> • • • ,» P )v(2/i'""" .J/iKfe+i.-" ,Xp+q) 

0,cp,tp,v 

= E c ^ c ^ s V>( x i'""" ' x p)v(?/i'--- '^O^^p+ir-- 
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where we have used the identity 

which is a reflection of the fact that A is a commutative ring. (Both sides 
equal (x\, XfiXipXv) where the product is taken over U(n) for any sufficiently 
large n.) The statement follows. □ 

A special case of this is a generalization of Pieri's formula. 

Proposition 7. We have 

LS A (xi, • • • ,x k ;yi, • • • ,yi) 
= ^2 LSa(xi, 

fiCA 

A — fi a horizontal strip 

= ^2 LS x (xi,--- ,x k ;yi,--- ,yi-i)y l k hM - 

(iCA 
A — fi a vertical strip 

Proof The second formula follows from the first on applying (32). We 
prove the first. If I = 0, this is Pieri's formula (12). Applying this fact in 
Proposition 6 (with p = k — 1 and q = 1) gives the result. □ 

We also have the following generalization of Lemma 1: 

Proposition 8. Suppose X of length ^ K such that Xl ^ Xl+i + Q, let 
A = r U p with 

t = (Ai, . . . , Xl), p = (Al+i, • • • , Xl+k)- 

Then 

LS A (ai,--- ,<xl+k;1i,---,1q) 

= Yl II («a(0 -«a(L+fe)) _1 

o-er,L,K 1 I L 

x LS r+ ( X L)(a CT (i), • • • ,a CT (L);7i)--->7Q) 
(34) x LSp(a . (L+1) ,--- ,a CT(L+K) ;7i, . . . ,7 ) 

Proof We prove this by induction on Q. If Q = this is Lemma 1. We 
assume that Q > and that the statement is true for Q — 1. We enumerate 
the partitions /iCA such that A — p is a vertical strip as follows. Let t\ C t 
be a partition such that r — t\ is a vertical strip, and let C be a partition 
such that p — pi is a vertical strip. Then we let p = t\ U p\ where 



,Xk-v,yi, 



.w)4 AHH 



ti = (pi, ■ ■ ■ ,Pl) Pi = (a*l+i, • • ■ Pl+k)- 
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Since Al — Al + i ^ Q we have [1l — fJ-L+i ^ Q — 1, so /i is a partition, and 
the induction hypothesis is also satisfied. By Proposition 7 we have 

LS A (ai,--- ,a L+K ;ji, ■ ■ ■ >7q) 

LS M (ai,--- ,a L +^; 7i>---> 7Q-i)7q HmI 

ri C t 
Pi C p 

T - Tl , p - pi 

vertical strips 

= E E II (ua(i) - a a{L+k) y l 

n C r ff£=L,/f 1 ^ I ^ L 
pi C p 1 

T — Tl,p — pi 

vertical strips 

X L ^r 1 +{KL)(a a ( 1 ), ■ • • ,a CT(L) ;7i, . . . ,7Q-i)7<g Hn 

LS P1 (a^i+i) , ■ ■ ■ ,a a (L+Ky,li, ■ ■ ■ ,1Q-iWq Ipi '- 
Applying Proposition 7 again, the statement follows. □ 

Proposition 9. (Littlewood) We have 

\i=i / 

Proof We claim that if iV > k and ^ C iV fc then 



^=1 / 1 <i<k 



Jiv fc ) = f 1 if i/ = (N-n k ,N-fi k - U --- ,N-ih); 
I otherwise. 



Indeed, let x M , Xf an d X(jv fc ) ' 3e ^ ne corresponding associated characters of 
U{k). We have X(N k ) = det^. The Littlewood-Richardson coefficient 

Now det^®)^ is the character of an irreducible representation; if x±, ■ ■ ■ ,x k 
are the eigenvalues of g, its value at g is s VQ (xi, • • • , x k ), where 

u = (N - fi k , N - lUfc-i, • • • , N - m). 

This may be seen directly from the definition of the Schur polynomial s^. 
The statement follows. 
Now taking N = I + m, 

LS ((/+m) fc )( x i'"" > x k;yi,--- ,yi) = X^( a;i ''" ^ x k) s v'{yi,--- ,yi), 

where we sum over all [i G iV fe and ^ = (iV — /u^,, iV — /tx^-i, • • • , N — We 
may restrict ourselves to fi for which s v > / 0. This means that v\ = l(u') < /, 
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which implies that fi k ^ m. Thus (m fc ) C jj, C (./V fe ), and we may write 
fi = (m k ) + jj, where now /j C <7 fc ^>, /t' C and 

v = (I - /x fe , ■ ■ ■ , Z - /ii), v' = (k- , k — /xi). 

We have 

•v(yir-- = (yi •••yj)*V(2/rV-- ,2/f 1 )' 

so by the dual Cauchy identity 

LS ((i+ m )'=)( x i' • • • i^syi,--- ,yi) 



( k X 

= \J\ Xi ) (y^'"yi) k ^2 s ^'"'^ x k) s ii'(yi 1 r--,yi 1 ) 
= (uA ^■■■yi) k II U + 

Vi=i / i ;g i <; k 

and the statement follows. □ 

Remark 4. A substantial generalization of Proposition 9 is furnished by the 
following result, known as Sergeev-Pragacz Formula (see Macdonald [46, p. 
60 ex. 24]). To describe it, let A be a partition with \ k +i ^ I. Let /j be the 
part of A that falls within the k x I rectangle, let v and r] be the remaining 
parts to the right and underneath this rectangle, that is A = (fi + v) U 77. 
For example, if A = (5,5,3,2), k = 2, I = 3 we have fj, = (3,3), v = (2,2) 
and 77 = (2,2,1). 



Then 

(35) LS x (xi,...,x k ;yi,...,yi) = 



Ui<j(xi ~ Xj)Ui<j(yi ~ Vj) 



wes k xs t \ (i,j)en J 

where 

S k = (fc-l,fc-l,...,l,0). 

In the special case when A contains l k (35) factorizes as follows: 
(36) 

k I 

LS A (xi, ...,x k ;yi,...,yi) = s u(Xl, ■ ■ ■ 1 X k )s v ,(y yi)Y[Y[{xi + Vj ). 

i=ij=i 
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Formula (36) is due to Berele and Regev [6, (6.20)]; it will be used in Sec- 
tion 7. 

Remark 5. We conclude this section by remarking that Proposition 5 en- 
codes an important property of the ring A, namely, the fact that it is a 
Hopf algebra. See Geissinger [33] and Zelevinsky [56]. We will not require 
this fact, and the reader may skip it. It seems important enough to in- 
clude. The multiplication in A induces a map m : A (g A — ► A, whose 
adjoint with respect to the basis for which the s\ are orthonormal is a map 
m* : A — ► A (g A. Specifically we have 

m(sn <g s v ) = ^2 c^s A , m*(s x ) = ^ c* v s M (g s v . 

A n,v 

The map m* is a comultiplication making A a coalgebra. The Hopf axiom 
is the commutativity of the following diagram: 

A <g) A m *-^' A (gi A (g) A (g) A A (g A (g A (g A 

A A tg A 

where t : R® R — ► i? (g i? is the map r(u (g v ) = v (g u. 
Proposition 10. (Geissinger [33]) The Hopf axiom is satisfied. 
Proof The Hopf axiom reduces to the formula 



since if we apply m* o m to s M (g s^, then extract the coefficient of s CT (g s T we 
obtain the left-hand side in (37), while if we perform the same computation 
with the map (m <g m) o (1 <g r <g 1) o (m* (g m*) we obtain the right-hand 
side. 

To deduce (37) from the generalized Cauchy identity we note that (in an 
obvious notation) the left-hand side of (33) equals 

^c^s M (a)s i ,/(/3)c^ T s CT (7)s r /((5) 

while the right-hand side equals 

= ^2c^ v c^s ip (a)s ( (a)s i , / ((3)s rj/ ((3)s a (j)s T/ (5) 

Comparing, we obtain the result. □ 
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3.3. Ratios. The goal of this section is to give a simple proof of Theorem 3, 
which was established by Conrey, Farmer and Zirnbauer [15] and by Conrey, 
Forrester and Snaith [18]. 

Theorem 3. Let a±,--- ,ok+l be complex numbers; let 71,..., 7q and 
61,... 5 r be complex numbers satisfying \j q \ < 1 and \S r \ < 1. Let z>l,k 
consist of all permutations a G Sk+l described in (20). If N ^ Q,R we 
have 

nf=i det ( j + «r x • g -1 ) • nf=i det(j + a L +fc • 9) d 

u(N) n?=i det(J - 7<? • 5) n?=i det(/ - «5 r • 5 " 

K 

a£E L K k=l 



(38) 



rgu nf=i(i + W ) nti mua + ^a g( ^- fc) ) 
nf=i nf^ 1 - ^^(i+fe)) nf=i n^ii 1 - 7<a) 



7(i) 

Proof By the dual Cauchy identity, 



JJ det(7 + a," 1 • g- 1 ) ■ JJ det(7 + a L +fc • 5) 
z=i fe=i 

= dit(^ ]Ja- N H det(I + a k g) 
1=1 k=l 
L 

(39) = det(g) L J|a i " Ar ^s A (ai,--- ,ax+L)XA'(5 r ) 

J=l A 

On the other hand by the Cauchy identity 
Q 

9=1 

and 

R 

H det(7 - 5 r ■ g- 1 )- 1 = £ a„(<$i, ■ ■ ■ , fe) ^). 

r=l f 

Since we are assuming that N ^ Q,R, the sums in these identities is over 
all partitions jjl of length ^ Q and v of length ^ R. 

By Schur orthogonality the left hand side in (38) equals 

L 

(x\>Xv,drt L ® Xv)Y[ a 7 N s *(. a i' ' " iVL+K^vdi,- ■ ■ , n /Q)s„(6i,--- ,S R ). 

X,fi,u 1=1 
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We rewrite this as 

L 

W a i N E c A'M s A(ai, • • • ,a L+K )s^i, ■ ■ ■ ,j Q )s u (5 1 ,--- ,S r ) = 
1=1 \w 

L 

X\&Y N ^LSy^x, . . . ^Q-^ax, . . . ,a L+K )s v {5i, - ■ ■ ,S R ) = 

1=1 v 
L 

(Si, ■ ■ ■ ,S R ), 

1=1 v 

where v = v + (L N ) and = 9' = N L U v' . Now Proposition 8 is applicable 
since N ^ Q. It gives 

lBp(a 1 ,...,a L+K ;ii,---,lQ) = ^2 E[ ("^(0 - a <7(L+fc)) _1 x 

l < fc <^ 

LS^ iV+X )L^(Q (7 ( 1 ), • • • , a CT (L);7i, . . . ,7q) LS^/(a CT ( L+1 ), • • • , a^ L+K ) ; 71 , . . . ,7q). 

Substituting this expression, then using Propositions 5 and 9, and the obvi- 
ous fact that 

(40) U a T N <D = UK(L +k) «L +k ) N , 

1=1 k=l 

completes the proof. □ 

Remark 6. We conclude this section by remarking that Theorem 3 in com- 
bination with Heine identity (see [53] or [14] ) easily implies a formula of Day 
[21]. The derivation is parallel to that in [23, Section 3] where the formula 
due to Schmidt and Spitzer [50], of which Day's formula is a generalization, 
is deduced from Proposition 4. A simple derivation of Day's formula was 
given by Conrey, Forrester and Snaith [18] using the method of Basor and 
Forrester [5]. 

4. Common Features of the formulae 

This section contains a remark about the nature of the proofs of the for- 
mulae for mean values of products and ratios of characteristic polynomials. 
In each of the formulas for mean values of products or ratios of characteristic 
polynomials, a sum appears over certain Weyl group elements. For example, 
in Theorem 3, this is the sum over z.l,k, while in Theorem 4 below, it is 
the sum over the £j. In each case, the summation appears from the Laplace 
expansion of a determinant, as in Lemma 1. 

Our method may be summarized in the following terms: 

• The quantity in question (a mean value of a product or ratio of 
characteristic polynomials) is expressed in terms of the character xx 
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of an irreducible representation of the group G, typically one whose 
highest weight vector is a partition of rectangular type; 
• The shape of the highest weight vector suggests reduction with re- 
spect to a particular parabolic subgroup P = MU. If W and Wm 
denote the Weyl groups of G and the Levi factor M, the irreducible 
character x is a sum over Wm\M. 

To make the paper as elementary as possible we always express these reduc- 
tions by an application of the Laplace expansion of a determinant, but it 
seems worthwhile to note a more general reason such reductions are possible. 

Let G be a reductive complex analytic Lie group, and let P be a parabolic 
subgroup with Levi decomposition P = MU, where M is the Levi factor 
and U the unipotent radical of P. Let T be a maximal torus of M, which 
is therefore also a maximal torus of G. We will denote by g and t the Lie 
algebras of G and T. 

Let $ C t* be the root system of G, and let <&m C $ be the root system 
of M. We choose an ordering of the roots so that the roots in U are positive. 
Let p,pm be half the sum of the positive root in <3? and $m, respectively, 
and let pjj be half the sum of the positive roots in U, so that p = p\j + pu- 

Let W and Wm be the Weyl groups of G and M with respect to t. Let C 
and Cm be the positive Weyl chambers, so 

C = {x G t* | (a, x) ^ for all a G $+ }, 
C M = {x G t* | (a, x) ^ for all a G $ M } . 

If A C t* is the lattice of weights, that is, differentials of rational characters 
of T, then it is known that 

Anc° = P + (Anc), 
(41) An^ = m + (Anc M ). 

Each coset in Wm\W has a unique representative w such that wC C Cm- 
Let E be this set of coset representatives. 

Now let A C AnC be a dominant weight. If w G S then w(X+p) = \ w +Pm 
where by (41) we have \ w G A n Cm- 

The Weyl character formula expresses the character X\ as 

e-TW + (l-e Q ) ^n ft£$+ (l-e a ) 

Here I is the length function on the Weyl group. 

We note that if w G Wm then w(pu) = pu- It follows that 

e ll Qg $+_$+U e j wg „ 

This generalization of Lemma 1 could be used everywhere in this paper that 
the Laplace expansion is invoked. 
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5. Symplectic Group 
A unitary matrix g is said to be symplectic if g J* g = J where 

T _ ( T N 

{-In 

A symplectic matrix has determinant equal to 1. The symplectic group 
Sp(2iV) is the group of 2N x 2N symplectic matrices. The eigenvalues of a 
symplectic matrix are 

e ±i6>i e ±i9 N 

with 

< #i < 9 2 < • • • < < 7T. 

The Weyl integration formula [54] for integrating a symmetric function 
/(-A) = /(#i, • • • , 0;v) over Sp(2iV) with Sp(2A r ) respect to Haar measure is 

f 2 N2 
E Sp (27V)/= / f(g)dg = - w -=x 
Js P (2N) ir"N\ 

N 

Wi, ■■■ ,o N ) n ( c ° s - c ° s n sin2 ° n ^ ■ ■ ■ d ° N - 

l^j<k<N n=l 



/ 



Denoting the irreducible representation of U(2n) with highest weight A by 
^2n) ano - ^ ne irreducible representation of Sp(2n) with highest weight \i by 
^(2n) we nave the following classical branching rule, due to Littlewood [45], 
[44]. Denoting by [F^ 2n y V% n -\] the multiplicity of V^n) m * ne restriction to 
Sp(2n) of F* n) , Littlewood [44] p. 295 gave the branching rule 



(42) = £ c i/3 (KA),KM) < n). 

/3' even 

Here a partition A is called even if all its parts are even (and similarly, it is 
called odd if all its parts are odd. See also Howe, Tan and Willenbring [36] 
and King [41] for this branching rule. 

Denoting the irreducible character of the symplectic group Sp(2n) labelled 
by partition A by X\ 2n i the Weyl character formula [54] in the case of 
symplectic group can be written 



(43) ^(xf 1 , • • • = d6tl ^" (X/ ^ 



Xi+n-i+l _ -(Ai+n-i+l)x 

Zi I 

det 1<iiKn (*p +1 -x" ( ^ +1) ) 

The determinant in the denominator can be evaluated as by Weyl [54]: 
(44) det (*r +1 - ~ Ul<j(Xl " ~ ^ ~ ^ 



l^ij^n 3 3 (xi ■ ■ ■ X n ) r 
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The Weyl dimension formula for the the dimension of the irreducible 
representation of the symplectic group Sp(2fc) labelled by partition A is 

, sP2k s _ Wi<Mi - + H + 2 ) UM + jj 

dimUA >~ (2fc-l)!(2ife-3)!---l! 

where = Xi + k — i. 

An alternative expression is given by El-Samra and King [25], in the 
following analogue of the hook formula (19): 



(45) 



dim(x A P2fe ; 



n 



2k + c s P(i 



h(u) 



where 

l *' Jj \ Ai + Aj + 2-i-j ifi> j. 
We will make crucial use of the following analog of Lemma 2: 
Lemma 4. For A C (A^ fc ) let X = (k - X' N , ■ ■ ■ , k — X[). Then we have 

k N 



i=l n=l 

(46) y: (-if xi xi p{2k \ x f\--- ,xr )x ^ 2N \tt\... , t f). 



XCN k 



Proof Using Weyl character formula (43) and the Laplace expansion we 
can rewrite the right-hand side of (46) as follows: 



det 



(47) 



^.N+k _ -(iV+fc) N+k-1 _ -(N+k-1) 



^N+k _ '(N+k) N+k-1 _ -(N+k-1) 
k k k k 

.N+k _ .-(N+k) .N+k-1 _ .-(N+k-1) 

Z 1 Z 1 l 1 Z 1 



.N+k _ .-(N+k) .N+k-1 _ .-(N+k-1) 
N l N N N 

{xi...x k ) k 

iii<i<j<fc(^ - xj)[xiXj - 1) ntiK 2 - 1) 

(h...t N ) N 

Ui^Niu - tjW, - 1) nili^ 2 - 1) ' 



^ 1 



x l - x k 1 

t 1 - t- 1 
i i i i 



f i 

N N 
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Now the determinant in the equation (47) can be evaluated using the 
Weyl denominator formula (44) to be equal to 
(48) 

k N 

n (xi-x^xixj- ^n^-i) n (u-tjXtitj-yjitf-i)* 

l^i<j^k i=l l^i<j^N i=l 

ntirin=i(^-u(^n-i) 



(x 1 ...X k ) N +*(t 1 ...t N ) N +* 



Finally combining (47) and (48) we get that the expression on the right- 
hand side of (46) equals to 

n» fc =irin=l( X » -tn){Xjt n - 1) _ -pi- tt, i _ f -U 

{ X1 ... Xk r{ tl ...t N f -im^ +x * *» *»)> 

completing the proof. 

□ 



Remark 7. Lemma 4 is stated in slightly different form in Jimbo and Miwa 
[38]. Another proof can be found in Howe [37], Theorem 3.8.9.3, which we 
digress to briefly discuss. We will describe an action of a group on a space 
of functions (or tensor fields) on some space as geometric if it is induced by 
an action of the group on the underlying space. As with our discussion of 
the Cauchy identity, we may consider the action of 

(g,h) : X i — ► det(/i)~ fc ■ gX l h 

of Sp(2fc) x GL(N) on Mat 2fexA r(C) = C 2kN . This induces an action of 
Sp(2k) x GL(iV) on the symmetric and exterior algebras over C 2kN , which 
is geometric. The trace of (g,h) G Sp(2fc) x GL(iV), where tf l are the 
eigenvalues of g and the eigenvalues of h is 

k N k N 

n n + + Xnt ^ = n + + *» + ^ 

i=l n=l i=l n=l 

Howe considers the centralizer of Sp(2/c) in this geometric action on the exte- 
rior algebra A(C 2kN ) and observes that it is properly larger than GL(iV); in 
fact, it is a group isomorphic to Sp(2iV), though the second symplectic group 
does not act geometrically. He finds the complete isotypic decomposition of 
A(C 2kN ): 

(49) MC 2kN ) = J2 V (2k)® V (2N)> 

A 

where V^fc) ^ s an irreducible representation of Sp(2/c) with highest weight A, 
and A runs over all partitions fitting inside k x N rectangle. Taking traces 
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gives 

k N 

HHiXi+X^+tn + t- 1 ) = 

(50) i=\n=\ 

and replacing the second symplectic matrix with its negative gives (46). 

5.1. Products. The goal of this section is to give simple proofs of the 
Proposition 11, first derived by Conrey, Farmer, Keating, Rubinstein, and 
Snaith in [17], and of Corollary 2, first derived by Keating and Snaith [39]. 

Proposition 11. Notation being as above we have: 

I f[ det(J + x 3 g) dg = ( Xl ... x k ) N X f^\xf\ • • • 

( 51 ) E 1K ; no '• 

ee{±l}i=l i^j 

Proof Denoting the eigenvalues of g in Sp(2iV) by tf 1 , ■ ■ ■ , t^ 1 we have: 

k k N 

11 det(J + x i9 ) = Yl JJ (1 + Xi t n )(l + x^" 1 ). 

j=l i=l n=l 

Using (50) we have: 



(xi---x fc ) ^Sp(2iV) J^J det(7 + xjg) = 

AT k 

E S P (2A0 II II( Xi + +tn + tf) = 

n=l i=l 

p , J V Sp(2fc), ±1 ±l w Sp(2AT), ± i ±i, 

^Sp(2Af) I 2^ X A V X 1 ' " " " ' X k )X~ X (h I'" ,t N j 

\XCN k 

Sp(2fe), ±i ... ±lx 
Ajyfe l x l > i x k )■ 

In the last line we used the fact that 



id- S P (2iV) _ / 1 if A = 0; 

^Sp(2JV)X A - | otherwise . 



Consequently we obtain 

k 

(52) E Sp(2N) H det(J + *,<?) = (an . . . s^X^Osf 1 . ■ ■ ■ , ) 
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proving the first line of (51). 

Now using the Weyl character formula (43) for symplectic group and the 
evaluation (44) of the denominator in (43) we have: 



„N+k 



„N+k 



— X 



- X, 



-(N+k) N+k-l 



X-, 



— X 



-(JV+fc-1) 



(N+k) N+k-1 -{N+k-1) 



X 



— X 



„N+1 



r.N+1 



— X 



k •''/.• 

(x 1 ---x k ) k+N 



-(N+l) 



-(N+l) 



(53) 



Now splitting the determinant in (53) we can rewrite it as follows: 



E det 

ee{±l} k 



e k (N+k) e k (N+k-l) 



£l xr (Ar+i) 



e n^ (Ar+1)det 

eG {±i}fe i=i 



ei(fc-l) ei(fe-2) 



£fe(fe-l) £fc(*:-2) 



(xf - x^ 



e n^? ( " +i) ri(» 

ee{±l} fc i=l »<j 

where in the last line we have used the Vandermonde determinant evaluation. 
Next, making use of the elementary identities 

nj=i^i 1+e0 _ i 



(54) 
(55) 

and noting that 
(56) 



nti(^-i) n-=i(i-^)' 



x- — X • 



e« — 1 e -! 



(x, - Xj)(xiXj - 1) xfx^ - ! 



e»-l e- 1 
X^ X^- 



n 



.(fc-i)( ei -i) 



n 

the right hand side of (53) is easily seen to be equal to 



e n 

ee{±i} fc i=i 



X ■ 



e n* 

£G{±i} fe i=i 



N(l-s/) 
3 



"IK 1 



x^x^ J ) 1 , 
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completing the proof. □ 
Corollary 2. We have 

det(I-g) k dg = dim( X S $ 2k) ) = 

Sp(2AT) 

{N + kl yr (k + 2N + i)Hl 

[ ' NM AA(2i + 2iV)!(2i-l)! 

The mean value Esp(2A0 det(J — g) k was computed by Keating and Snaith 
in [39] using the Selberg integral (without restriction that k be an integer). 
They found it to be 

f5g) 2 2Nk TT T(l+N+j)r$ + k+j) 

f = \T(i+N + k+m±+jy 

For integer k we can rewrite (58) using the duplication formula 



2 2z - l T(z)T (z + ^)=y/jr(2z) 



in the form 

" (N + j)\(2k + 2j-iy.(j-l)! 

ij i (N + k + j)\(2j-iy.(k + j-i)V 

and the latter expression is equal to the one appearing on the right-hand 
side of (57) by an elementary computation. 
Proof We have: 

(59) / det(/- 5 ) fe ^ = dim( X ^ (2fc) ). 

JSp(2N) 

Applying (45) to the partition A = N k and recalling that the product of 
hook numbers for partition N k is given by (31), we obtain 

mm{X N* > + ji 11 (2i + 2N)\ ll(2i-l)! 

3=1 w ' j=l i=l v ' t=l v ' 

(JV + fc)! -pr {k + 2N + i)W. 
N\k\ 4' (2i + 2iV)!(2i - 1)!' 

Thus we have established that 

k _ (N + k)\ T T (A; + 2iV + i)H! 



Es P ^)det(/-^ = ^-^:n 



iV!fc! Ai(2i + 2JV)!(2i-l)!' 
completing the proof of Corollary 2. □ 
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5.2. Ratios. The goal of this section is to give a simple proof of Theo- 
rem 4, first established in Conrey, Farmer and Zirnbauer [15] and in Conrey, 
Forrester and Snaith [18]. 

Theorem 4. Let y,j be complex numbers with \yj\ < 1. Suppose N ^ I. 
Then we have: 



U j= i det(7 + xjg) 
tI — 7 d 9 = 



Sp(2A0 n«=i det ( J - V*9) 



e ik 



nj=illj=i(i + ^yi) 



Nd-sj) 



£ G{±i} fc i=i ^ n^j(! xt'Xj^Yli^j^ii 1 ViVj) 

Proof: When /(A) ^ N we may write the branching rule (42) in the form 

(60) s x (tf\... ,tf) = J2xi Pi2N \tf\... ,tf) [ y: c^) . 

fiCX \@> even / 

Also we have the following identity of Littlewood [44] 

]J C 1 — = E s /3(yir-- ,yi). 

l^i<j^ 0' even 

These two formulas, together with the Cauchy identity (8) yields the follow- 
ing Cauchy identity for Sp(2iV), known to Weyl [54] and Littlewood [44]: 

1 

Combining this identity with (50) we have, with tf 1 the eigenvalues of 
9 e Sp(2iV) 

njU det(J + Xjg) _ 
Ili=i det(i" — 2/<flF) 

{xi "' Xk)N e xr 2k \4\---,4 i )xf i2N \tf\---,tf ) 



Y.x^ 2N) {tf\--,tf) S ^..., yi ). 



Since 



E S p(2iV)X A (<?)x M l J (5)-| Q otherwisej 
the theorem follows from the following Proposition. 
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AC(JV*) 



(61) 



e n 

£€{±l} fe j = l 



-Ar £j - nf=i rij=i( i + x Tyj) 

1 1; 1 



Proof In order to yield a non-zero contribution to the sum on the left- 
hand side of (61) A must be of the form A = (N — l) k + n with \i C l k . Now 
keeping in mind the Weyl character formula for symplectic group (43) and 
the numerator evaluation (44), together with the definition (5) of the Schur 
function and Vandermonde identity expressing the denominator in (5) as 
rii<j( x i — Xj), we can rewrite the expression on the left-hand side of (61) as 
follows, using the Laplace expansion: 



det 



JV+fc _ -(N+k) N+k-1 _ -(N+k-1) 



- X-, 



r N + k _ -(N+k) N+k-1 _ -(N+k-1) 



J k k 



J k ^k 

{-yi) l+k - 2 



(-w) 



l+k-l 



(-vi) 



l+k-2 



X 



(N-l+1) _ -(N-l+1) 



— X 



X 



(N-l+1) -(N-l+1) 



— X 



(xi ■ ■■x k f 



Ul^iKj^liVj ~ Vi) Ul^i<j^k( X i ~ x j)( x i x j ~ 1) Ui=l( X l - !) 



Now splitting the determinant in this expression we can rewrite it as follows: 



ee{±l} k 



-,~e k (.N+k) e k (N+k-l) 

(-yi) 1 ^ 1 {-yi) l+k - 2 



i-yi) 



e k (N-l+l) 
t k Jb k 

1 
1 
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and this can be further expressed in the following way: 



e n 

eG{±l} fe »=1 



e^- 1 ^ det 



x 



ei(H-k-l) 



ei(J+fc-2) 



x ei(l+k-l) a .ei(i+fc-2) 



i+fc-i 



("2/0 



Z+fc-2 



£ e{±l} fc i=l i<3 l^i<j^l i=l j=l 

where in the last line we have used the Vandermonde determinant evaluation. 

Next, making use of the elementary identities (54), (55), (56), the expres- 
sion on the right-hand side is easily brought to the form 



e n 

e€{±l} k 3 = 1 



6. Orthogonal group 

A matrix g is said to be orthogonal if it is real and g t g = I, where l g 
denotes the transpose of g. In particular, it is unitary. We let O(N) denote 
the group of iV x N orthogonal matrices. We let SO(N) denote the subgroup 
of U(N) consisting of N x N orthogonal matrices with determinant equal 
to 1. 

For any complex eigenvalue of an orthogonal matrix, its complex conju- 
gate is also an eigenvalue. The eigenvalues of g G SO(2iV) can be written 

as 

e ±i$i e ±ie N 

with 

o < e l < e 2 < • • • < e N < n. 

The Weyl integration formula [54] for integrating a symmetric function 
f(g) = /(#!,-•• ,0n) over SO(2iV) with respect to Haar measure is given 
by 

E S o(2ao/(sO = / f(g) dg = 

JSO(2N) 

2 (N-1) 2 r 

-^vf / /(0i>--->M 1] (™sO k -cose j ) 2 de 1 ---de N . 

The eigenvalues of g G SO(2iV + 1) can be written as 

1 p ±i6l l . . . 
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with 

< 0i < 6 2 < • • • < 6 N < 7T. 
The Weyl integration formula [54] for integrating a symmetric function 
/(<7) = j^at) over SO(2./V + 1) with respect to Haar measure is 

given by 



E S o(2iV+i)/ = / f(g) dg = 

JSO(2N+l) 



SO(27V+l) 
2 i+(N-i) 2 r 

7T JV i (JV - 1)! J[ 0l7r ]iV-l 

j j (cosOk — cos9j) 2 d0i ■ ■ ■ d0N-i, 

l^j<k^N 

where On = 0. 

Denoting the irreducible representation of U(2n) with highest weight A 
by F^2n) an< ^ *he hreducible representation of 0(2n) with highest weight // 
by we have the following classical branching rule, due to Littlewood 

[45, 44] 

(62) KnV E ^n)\ = H c 



2(5 



Denoting the irreducible character of SO(2n + 1) labelled by partition A by 
^SO(2n+i)^ ^ e "Weyl character formula [54] in the case of SO(2n + 1) may 
be written 
(63) 

SO(2n+l)/ ±1 +1 n _ QCT K»J<n^j Xj J_ 

the determinant in the numerator can be evaluated as follows [54]: 

lMj i$%n [X i X J } ~ {xi ... Xn) n-l/2 

In case of SO(2n) the situation is more subtle. Denoting the irreducible 
character of SO(2n) labelled by partition A by X\°^ 2n \ the Weyl character 
formula [54] in the case of SO(2n) reads 

(65) xT i2n \x^) = 

det^^jx^ + x- (A ' + "-* } ) + det 1<ij - <n (x^+"- i - sT( a '+"-'>) 

Here Ai ^ A2 ^ ■ ■ ■ A n _i ^ |A n |, so for a partition A we have two characters: 
A+ associated with (Ai, • • • , A n ) and A_ associated with (Ai, • • • , — A n ) (this 
corresponds to the involution in the Dynkin diagram of type D n ). The 
second term in the numerator in (65) changes sign when A n is replaced by 
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— A n ; in particular it vanished when X n = 0. When A n = 0, the character 
^SO(2n) a j gQ yjgj^g foe c h arac ter of the orthogonal group 0(2N). When 

X n / 0, the irreducible character of 0(2N) is given by x^ 2 ^ + X^ 2 ™^ 

deti^ ij<n (x j ; ) 
The determinant in the numerator of (65) can be evaluated as follows [54]: 

rii<7"( a 'i ~~ Xj)(XiXj — 1) 



(67) det ( x ^ + x T^) = l Ji<i 

l<i,j<n 3 3 (Xl ■ ■ ■ X n , 



n-1 



6.1. Products and ratios for SO(27V). 

Lemma 5. For A C k N let A = (k — \' N , ■ ■ ■ , k — \[). Then we have 

k N 

UU(x i + x- 1 -t n -t- 1 ) = 

i=l n=l 

XCN k 

(68) xr'^.-.^ixr^ 1 .-.^))- 

Proof The lemma is stated in slightly different form in Jimbo and Miwa 
[38]. It may be proved by the method of Lemma 2 and Lemma 4. □ 

We begin by giving a simple proof of the following proposition, first es- 
tablished in [17]. 

Proposition 13. Notation being as above we have 

k 

^ g eso(2N) 11 det ( J + x i#) = (si • • ■ x k ) N X° N 2 k{xi l , ■ ■ ■ ,x£ x ) = 

(69) £ n-r^na- 

e€{±l}j=l i<j 



Proof Denoting the eigenvalues of g in SO(2N) by t l ,t N we have: 

k k N 

11 det (J + ztf) = JJ JJ (1 + Xit n )(l + Xi t- 1 ). 

i=l i=l n=l 
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(X! ■ ■ ■ X k ) N E so{2 N) Uj=l det ( J + x j9) = 
E S 0(2iV) Till ntlfc + ^ + *n + in 1 ) = 

Eso (2 iV)(EAc^X^ {2fc) (xf 1 ,--- .^Jxg^Ctf 1 ,- + 

x^ (tt) (^---,^ 1 )xg (2 ^(tfV--,4 1 )) = 

0(2fc), ±1 ... ±U 
X N k {x 1 , ,x k ). 

In the last line we used the fact that 



w SO(2A0 _ / 1 if A = 0; 

^SO(27V)X A " | Qtherwise 



and X\^ 2n ^ = Xa^ 2 ™"* + Xa° < ' 2 "^ ( see discussion preceding (66)). 
Consequently we obtain 



(70) E so{2N) Y[det(I + x J g) = (x 1 ...x k ) N x°> k k (xt 1 r-- ^D* 



proving the first line of (69). 

Now using the Weyl character formula for the orthogonal group (66) and 
numerator evaluation (67) we have: 
(71) 

NAT 0(2k), ±1 ±n _ 



(x 1 ...x k )" x ^r\xf i ,--- ) 



det 



/V+fc-l (JV+fe-1) /V+fc-2 _ -(JV+fc-2) TV _ _-W 



/V+fc-1 _ -(JV+fe-1) JV+fe-2 _ -(AT+fe-2) jv _ -(JV) 

X fc X fe X fe X fc 



r[i^i<i<fc( x * ~~ Xj)(xiXj — 1) 



36 



DANIEL BUMP AND ALEX GAMBURD 



Next, splitting the determinant in this expression we can rewrite it as follows: 



E det 

ee{±i} fc 



X 



ei(JVH-fc-l) £i(JV+fc-2) 



e k (N+k-l) £k (N+k-2) 
Xu 



X 



X 



e k (N) 



E II a - "" 

ee{±l} fc »=1 



ei(fc-l) ei(fc-2) 



X-, 



X 



e fc (fc-l) £fc(fc-2) 



1 



e n^n^-^), 

ee{±i} fc »=i »<j 

where in the last line we have used the Vandermonde determinant evaluation. 

Now making use of the elementary identities (55) and (56) the right hand 
side of (71) is easily seen to be equal to 

e n^ij>-^r\ 

ee{±l}j=l i<j 
completing the proof. □ 

We note that proceeding along exactly the same lines we easily establish 
the following result: 

Proposition 14. Notation being as above we have 

k 

^MeO(2N) II det ( J + X 3 M ) = (*!■•■ *k) N X^t )+ (xf\ Xf) = 



3=1 



(72) k 

ee{±l} j=l i<3 
Sgn(e)=l 



In particular, in analogy with the unitary and symplectic cases, we have: 

(73) K geQ{2N) det(J - g) k = dim(^° fc {2fc) ). 

The Weyl dimension formula for the the dimension of the irreducible repre- 
sentation of the group SO(2fc) labelled by partition A is given by 

, so(2*)x _ ofc _i n»<j(^-^)(Mi+^) 

dimUA ] ~ l (2fc - 2)!(2fc - 4)! ■ ■ ■ 2! ' 

where \ii = Aj + k — i. 

An alternative expression, given by El-Samra and King [25], is furnished 
by the following analogue of hook formula (19): 

2k + c so (u) 



(74) 



dim(x^° 2fe ; 



n 



h(u) 
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where 

[A, + Xj - i- j if i ^ j. 

Applying (74) to the partition A = N k and recalling that the product of 
hook numbers for partition N k is given by (31), we obtain, in view of (73): 

(N + k-l)\ ^ 



E 



g£0(2N) 



det(/ - gf = T 



n 



(N — l)\(k — 1)! 

(2i - 3)!(« + k + 2iV - 2)!(i + 2N- 2)! 
L (i + N - T)U2i + 2iV - 2)\{i + jfe + N - 2)! ' 

We remark that in [39] Keating and Snaith derived the following expression 
using Selberg's integral (without restriction that k be an integer): 

,75) EsoW de t( j- g f = 2^n r ! Ar+, ' 1)r( " + /i! ; 

v ) so^vj v y; 1 = 1 r (jv + jfe + j - l)r(j - ^) 

for integer k this is easily derived from (70) and the Weyl dimension formula. 
We now turn to ratios. 

Proposition 15. Notation being as above we have 

XCN k 



(76) 



e n 

££{±l} fe j = l 



Proof In order to yield a non-zero contribution to the sum on the left- 
hand side of (76) A must be of the form A = (N — l) k + jjl with \i C l k . Now 
keeping in mind the Weyl character formula (66) and numerator evaluation 
(67), together with the definition of the Schur polynomial, we can rewrite 
the expression on the left-hand side of (76) as follows, using the Laplace 
expansion: 
(77) 



det 



x 



N+k-l 



+ X 



-(N+k-l) N+k-2 



+ X 



-(N+k-2) 



X 



N+k-l 



+ x k 



{N+k-l) N+k-2 , -(N+k-2) 



+ X, 



(-yi 



d+k-2 



(-M) 



l+k-i 



(-W) 



l+k-2 



X 



N-l 



+ X 



-(N-l) 



x?- 1 + x7^ 



(xi ...x fc ) 



fc-1 



rii^j<i^(%' y») ni^i<j^A;( x i xj)(xiXj i) 
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Now splitting the determinant in this expression we can rewrite it as follows: 



E det 

e€{±l} fc 



X 



£i(iV+fc-l) e 1 (N+k-2) 



X 



e k (N+k-l) e k (N+k~2) 



(-in) 



l+k-l 



(-yi) 



l+k-2 



(-M) 



M-fc-1 



i-yi) 



l+k-2 



X 



ei(N-l) 
1 



X 



e k (N-l) 



e n^ ( "-°det 

e£{±l} k i=l 



X 



ei(l+k-l) ei(l+k-2) 



X 



X 



e k (l+k-l) e k (l+k-2) 



X 



(-in) 



k 



£G{±l} fe «=l »<j l<i<j<J 1=1 j=l 



e n 



where in the last line we have used the Vandermonde determinant evaluation. 

Next, making use of the elementary identities (55), (56), the expression 
on the right-hand side of (77) is easily brought to the form 



Z_> 11 X 3 n i\ —rr £ i^ e ^\ 

£G{±l} fc i=l i-U<j\ L X i X j ) 



proving the proposition. 



□ 



Theorem 5. Assume N ^ / and < 1. Then we have: 



E 



geSO(2N)-=T 



Ilj=i det(7 + xjg) 



E n» 



7V(l- £j ) 



Ili=i det(J - J/tf) 



ee{± l}j=l H^ji 1 x V x j) Yll^j^li 1 ViVj) 

Proof The Cauchy identity for SO(2iV) has the following form: 

1 



(78) 



1 



rwi-M/j) ^ 
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Combining (78) and (68) we have: 

nJ =1 det(/ + x j M)_ ( Xl ...x k ) N 



ITU det(J - yiM) Ui^ji 1 ~ ViVj) 

y: (xT: k (4\ ■ ■ ■ .sfxr^ 1 ' • • • 

\CN k 

X s °™(xf\...,x± 1 ) X f™(tf\...,t% 1 )) 



Since 

(79) E so(2A0 x^(M) X °^(M) 



1, if A = fi, l(X) ^ N; 
0, otherwise, 



the result now follows from Proposition 15. □ 

We note that proceeding along the same lines we easily establish the 
following result. 

Theorem 6. Assume N ^ I and < 1. Then we have: 

IlJ=idet(J + 

^0(2n)-=7" 



n i= i det(J - ytg) 

Y[x N{1 ~ £j) Hi=illj = 

e{±i} 

sgn(e) = 1 



: . e{=l[ , , II- / sl s II:- / (l ^ 



6.2. Products and ratios for SO(2iV + 1). 

Lemma 6. For A C N k let A = (k — X' N , ■ ■ ■ , k — X[). Then we have 

k N 

HH(x i +x- i -t n -t- i ) = 

(80) <=ln=l 

£ (-^xT (2fe+1) (*fV-- ,4M)xf (2iV+1) (*fV-- ,4M)- 

XCN k 

Proof The lemma is stated in slightly different form in Jimbo and Miwa [38]. 
It may be proved by the method of Lemma 2 and Lemma 4. □ 
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Proposition 16. Notation being as above we have 

k 



E SO(2JV+i) 11 det ( J ~ x i g ^ = 
3=1 

(xi . . . x k ) N H(l - Xi)xK (2fc+1) (xf ■ ■ ■ , s±M) = 
1=1 

(81) sgn(e)f[xf +1/m -^l[(l-xfx £ /)- 1 . 

ee{±l} 3=1 i<3 

Proof Using (80) we have: 

k 

(X! ■ ■ ■ X fc )" 7V E SO (2Ar+l) Y[ det ( J ~ X jd) = 

3=1 

k N k 

jja - x l )E SO (2iv+i) n + x ^ ~ tn ~ k 1 ) = 

i=l n=l i=l 

F /• SO(2fe+l) r ±i +1 lW SO(2Ar+l), ±i ±i n _ 

^SO(2AT+l) 2^ X A i X l '•••' X fc i l )X~ x (h r--,t N ,l)- 



XCN k 



In the last line we used the fact that 



SO(2fc+i) r ±i ... ±i n 



m SO(2Ar+i) _ / 1 if A =0; 

E S 0(2JV+1)X A - I q otherwise . 

Consequently we obtain 
(82) 

k k 

E SO(2iV+l)^ det ( / ~ :r^5, ) = ( X l ■ ■ ■ X k) N Yl^-^X^k 2 ^ {xf 1 , ■ ■ ■ ,X^\l) 
i=l i=l 

proving the first line of (81). 

Next, using the Weyl character formula for SO(2n + 1) together with the 
Weyl denominator formula for SO(2n + 1) we can rewrite the right-hand 
side of (82) as follows: 

(83) (^...x^na-^x^ 2 ^^ 1 ,---,^ 1 ,!) = 



AVERAGES OF CHARACTERISTIC POLYNOMIALS 



11 



Splitting the determinant in this expression we can rewrite it as follows: 



E det 

e€{±l} fc 



ei (iV+fc-l/2) ei(JV+fc-3/2) £l (iV+l/2) 

c,\JL^ c^X-^ * * * c^X-^ 



e k (N+k-l/2) e k (N+k-3/2) £fe (7V+l/2) 



e n 

e£{±l} k i=l 



; ~ 7 3 ,; 



£i(JV+l/2) 



det 



ei(fc-l) ei(fc-2) 

X i X i 



Efc(fc-l) £fc(fe-2) 

X u X t. 



... 1 



e n^ +1/2) n^-*n 

ee{±l} fc »=1 



where in the last line we have used the Vandermonde determinant evaluation. 

Now making use of the elementary identities (55) and (56) the right hand 
side of (83) is easily seen to be equal to 

e<={±l} k 3=1 i<3 

k 



e ^ n of +i/2)(i -^ ri( i - *H 3 r\ 



£G{±l} fc 



3=1 



i<3 



completing the proof. 



□ 



We remark that proceeding along similar lines we easily establish the 
following result. 

Proposition 17. Notation being as above we have 

k 

^ g eO-(2N)Y[det(I + xjg) = (x 1 ■ ■ ■ x k ) N x^ifHxf 1 , ■ ■ ■ ,x^ r ) = 



3=1 



£ sgn^n^-^nu-^yr 



3=1 



i<j 



se{±i} 
We now turn to ratios. 
Proposition 18. Notation being as above we have 

(84) E (-if l xT {2k+1) ( X t\--- ,4\^~Mt-- .W) = 

\<ZN k 

(xi-'-xk) 1 / 2 ^ sgn(e) ^ r -( W+ i/2) ej ntin5=i( 1+x ?^) 



n * (1 -x) ^ 



iwi-*W) 
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Proof In order to yield a non-zero contribution to the sum on the left-hand 
side of (84), A must be of the form A = (N — l) k +n with /iCl'. Now keeping 
in mind the Weyl character formula (63) for SO(2n + 1) and the numerator 
evaluation (64), together with the definition (5) of the Schur polynomial, 
and the Vandermonde determinant evaluation of the denominator in that 
formula, we can rewrite the expression on the left-hand side of (84) as follows, 
using the Laplace expansion: 



det 



X 



l,k+l-\ 



Xk,k+l X^^+l-l 

(-yi)^" 1 (-yi) l+h - 2 



Xki 

1 



(-yi) ,+fc_1 i-vi) l+k - 2 ■■■ i 

k 



( 8s ) n _ „, n d _ ^mI^. _ i) n i _ x . > 



Vj Vi i€i<i€k ^ Xi x i^ XiX i l ) i= i 

. Splitting the determinant in this 



N-l-\+j _(JV-i-i+j) 



where X^j = x 
expression we can rewrite it as follows: 

e 1 x £ 1 l(N+k ~ 1/2) ei ^ l(iV+fe_3/2) 



E det 

£€{±l} fc 



e k (N+k-l/2) £k ( N+ k-3/2) 



-y\ 



\l+k-2 



(-w) 



l+k-1 



(-w) 



l+k-2 



e n^ (iV ~ m/2)det 

eG{±l} fe i=l 



„£1 



£l(JV-i+l/2) 



e fc (JV-J+l/2) 
1 



ei(H-fc-l) 



\J+fc-l 



\l+k-2 



X 



e k (l+k-l) 



k 



\-vi) \-yi 

or, using the Vandermonde determinant evaluation, 

E il^ {N - l+im XM- x 7) II (yi-w)IHI(^+w). 

eG{±i} fe *=i »<j i<i<j<J j=ij=i 

Now making use of the elementary identities (55), (56), the expression on 
the right-hand side of (85) is easily brought to the form expressed on the 
right-hand of (84). □ 



k I 



AVERAGES OF CHARACTERISTIC POLYNOMIALS 43 



Theorem 7. Assume N ^ I and \yt\ < 1. Then we have: 



n*=idet(/-x^) 

^SO(2iV+l) r=f 



Ui=i det ( J - y%9) 

Proof The Cauchy identity for S0(2iV + 1) has the following form: 

N l , i 



n n (1 _ w<b)(1 _ n x _ y . 

Ur^v) E4 om+1) (tt\- ,t±\i)s»( yi ,... , yi) . 



Consequently, using (86) and (80) we have 

UU det(J - xjg) = (x! • • • x k ) N \[ k l=l {l - Xj) y 
nLi det(7 - Vi g) ' Ui^jO- ~ ViVj) 

£ (-i) |X| xf ^(xf 1 ,- ,4M)xf (2JV+1) (*fV-- ,4M)x 

ACAf= 

Ex?^ 1 .-^ 1 .!)*-^). 

Since 

Eso(2W+1) xf — »(,)xf - { j * W: 

The theorem now follows from Proposition 18. □ 

We note that proceeding along similar lines we easily establish the follow- 
ing result. 

Theorem 8. Suppose N ^ I and \yi\ < 1. Then we have: 

Uj=i det ( J + X J9) 
K, 



^eO-(2JV)7=7 



nUi det ( J - 



A; 



7V(l- £j ) 



7. Classical group characters of rectangular shape 

In this section using results of Sections 5 and 6 we give simple proofs of 
identities of Okada [48] and Krattenthaler [42] and derive generalizations of 
their results for Littlewood-Schur functions. 
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7.1. Symplectic Group. The branching rule (42) implies 

, D _s „ , s f 1 if A' is even; 

(87) e s p (2JV)Sa(5) = I otherwise . 

The importance of (87) in random matrix theory context was emphasized 
by Rains [49] and Baik and Rains [3]. 
Using (87) we obtain: 



(88) ®>s P (2N) n det(J + xjg) = £ s\{x u . . . x k ), 

A even 

an identity first noted by Baik and Rains [3]. 
Combining this with Proposition 11, we have 

s\(xi, ■■■x k ) = (xi ■ ■■x k ) N x S ^l k (xf 1 , ■ ■ ■ ,x^ r ) = 

Ai < 27V 
A even 

(89) £ IK" If 1 .'V-r/l 

ee{±l}j=l i<j 

an identity first derived by Okada [48] and Krattenthaler [42]. 

Using Theorem 4 we now prove the following generalization of (89): 

Proposition 19. Assume N ^ I. Then we have: 



£ LS L ,(x 1 ,...,x k ;y 1 ,...,yi) 



E n 

£e{±i} fc i=i 



Ai <; 27V 
A even 

ntinUa+<^) 
Ui^ji 1 - x Vx £ j) rii^<j^( i - viVj) 



x N{l ~ £j) 



Proof By the dual Cauchy identity 

k 

Y\_ det(I + xjg) = £ s v (xi, x^s^^f 1 , t^ 1 ). 

j=l r) 

On the other hand, by the Cauchy identity 
1 



^2s lx (y 1 ,...,yi)s IJl (tf 1 ,...,t% 1 ) 
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Consequently, using (87), we have 
(90) 

Fill det(J + XjM) 

^MeSp(2N)— t — — — = 2. c^s r) (x 1 ,...,x k )s^(y 1 ,...,yi) = 

IL=i det(J - yi M) l{v) ^ 2N 

v' even 

^2 LS v (y 1 ,...,yi;xi,...,x k ) = ^ LS u (x!, . . . ,x k ;yi, ■ ■ ■ ,yi), 

l(v)^2N V!^2N 
v' even ueven 

an identity first noted by Baik and Rains [3] . Combining (90) with Theorem 
4 completes the proof. □ 

We remark that Krattenthaler [42] (3.6) proved the following generaliza- 
tion of (89): 

(91) sx{x!,...,x k ) = (x 1 ---x k ) N x S ^!Sl {N _ 1) r(xf 1 ,--- ,x^) 

A C (2N) k 
r(A) = r 

where r(A) denotes the number of odd rows of A. 

We now show how (91) can be used to give an alternative proof of Theorem 
4. In (90) write v = AUt with A G (2N) k . By the Bcrclc-Rcgev factorization 
(36) we have 

LS^xi, . . . , x k ; yi, . . . , yi) = LS A (xi, . . . , x k ; y u . . . , yi)s T >(yi, yi). 
Consequently, 

^ LS u {xi,..., x k ;yi,..., yi) = ^ s T {yi, . . . ,y t )x 



v x < 2N 
v even 



^ LS x (xi,...,x k ;yi,...,yi). 

x c (2N) k 
A even 



Since 

1 



(92) *Ayi,...,Vl) = 



Theorem 4 follows from the following Proposition (applied with u = 0). 
Proposition 20. Let r(A) denote the number of odd rows of X. Then 

Y u r< - x) LSx(x 1 ,...,x k ;y 1 ,...,yi) = 

XC(2N) k 



e n 



' i- £j) ntin; = i(i+^)nti(i+^^) 



£G{±l} fc i=l 
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Proposition 20 in turn follows from the following lemma by induction 
on the number of variables y using the generalized Pieri formula given in 
Proposition 7. 

Lemma 7. Let r(A) denote the number of odd rows of X. Then 

(93, E „^„. ..,,,)= e u^- ^f^l - 

We remark that (93) generalizes the classical formula due to Littlewood 
[44] 

04) E- r(A Wx 1 ,..,x fe )=ni±5n T 1 



A i=l 1 i<j 



We now give a proof of Lemma 7 using Krattenthaler's formula (91). 
Let 



fk,N(r) = (xi...x fe ) 7V x^fe-r U(7V _ 1) .(a;f 1 ,---,Xfc 1 )- 



We have 



(95) E u rW s x (xi,...,x k ) = ^2u r tp ktN (r). 

XC(2N) k r=0 



Let 



i-l_ x 2N + 2k+l-i if ^ fe _ r; 



>) _ J X 3 ~3 

'■' \ x)-xf +2k ~ l Mi>k-r. 

In light of the Weyl character formula (43) applied to partition A = N k ~ r U 
(N — l) r , combined with (44) we have 

(96) <Pk,N(r) 



Now using (89) we have 
(97) ^(0) 



det(a^ 

nLiU - x l) \\i<A x i - x j)( x i x j ~ 1) 



det(ag); 



nf=i(i - 4) iiiKjfa - xj){x iX j - 1) 



3 ' 



nti(i - A) - x 3)(^ x 3 - 1) £ ^ 1} rwi - 

Next, by the definition of the determinant, 

det(aSf) = det(xr 1 -xf +2 ^-) = 



(98) e e n n (- 1 

weS k e s Wj =l e Wj =-l 



2N+2k-j+l\ 



w 
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and 
(99) 



det(a£>)= £ sgnHEII f II <T U (-^ +2k ~ i+1 ) 



weS k e j=l \e Wj =l e Wj =—l 



II II < II <-< +2t -') 

E^HEnfiK n (-< +2fc - j ' +i i 

^6S fe £ j = l V £«, .=! £„, .=-! 



ii i ii <■ ii <-< +2i - i+i ) I n *'- u> 



j=fe— r+1 ^^-=1 e Wj =—l j j=k-r+l 



e e n < n (-< +2fc - j+i ) e 

£ \wes k £w j =1 e Wj =-\ / i i<" - <»T 

Consequently, using (96), (97), (98) and (99) we have 

n fe _ x N[l ' £j) 

(100) VMr(r)= E fTn " « *tM x ? ' ' ' X T) 



X il • • • X i r 



and this combined with (95) and 

k k 

^2ej(xi,--- ,x k )y 3 = Y[{l + Xiy) 

j=0 i=l 

completes the proof of Lemma 7, and consequently Proposition 20 and The- 
orem 4. 

7.2. Orthogonal group. Branching rule (62) implies 

^ M i 1 if A is even, l(X) ^ 2 N: 

(101) E 0{2N) s x ( 9 ) = { o otherwise. 

where 2v represents the partition produced by doubling each elements of v\ 
note that A = 2v means that A is even. The importance of (101) in random 
matrix theory context was emphasized by Rains [49] and Baik and Rains 
[3]. 

Proceeding exactly as in the case of symplectic group, we have, using 
(101) 

k 

(102) E 0(2iV ) JJdet (/ + £,#) = sx(x!,...x k ), 

i=l Ai < 2N 

A' even 
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an identity first noted by Baik and Rains [3]. Combining this with Propo- 
sition 14, we recover the following formula due to Okada [48] and Kratten- 
thaler [42]. 

sx(x!,...x k ) = (x 1 ...x k ) N x s °^ )+ (xf 1 ,...,x^ 1 ) 

\' even 

(103) k 



C(ATfc) H 
A' even 



se{±l} j=l i<3 

sgn( £ )=i 

Next, considering separately the subgroup SO(2iV) and its coset 0~(2N), 
we have 

(104) K so( 2N)f(g) = ^ g eO(2N)(l + det(g))f(g), 
and 

(105) E o - (2A0 /(<7) = E 0(2Ar) (l - det(g))f(g). 

Now, denoting the eigenvalues of M by (t±, . . . , t 2 N), we have 

k 

(1 + det( 5 )) ]J det(7 + x j9 ) = 
(1 + e 2 jv(ii, . . . ,t 2 N)) ^ ^(^l, • • -,Xk)sx'(ti, . . .,t 2 N), 

A 

and, therefore using (101) and Pieri's formula (14), we obtain 

k 

^so(2N) 11 det(J + xjg) = 

3=1 

^2 s\(xi,...x k )+ ^2 s x (xi,...x k ) 

Aj < 2N Aj < 2N 



A' even A' odd 



and 



k 



E -(2AT) JJ det(I + X j5 r) = 

i=i 

^2 S X {xi,...,X k ) - ^ S X (x!,...,X k ). 

Ai ^2N Ai ^ 2N 

A' even A' odd 

Using Proposition 17 and Proposition 13 we therefore recover the following 
formula due to Okada [48] and Krattenthaler [42] : 

(106) J2 s x (x 1 ,...x k )= J2 II -'-.r 11^ 1 '• 

Ai^2AT £€{±1} j=l i<j 

A' odd Sgn(e)=-1 
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Finally, proceeding exactly as in the case of symplectic group we obtain 
using Proposition 5 and (101): 

U k det(I + x,g) 
E (2iV):=j — — -= V LS x {xi,...x k ;yi,...,yi); 

A' even 



nf=i det(7 + XjM) 

^MgSO(2N)— 1 — — — = y. LS x (x 1 ,...x k ;y 1 ,...,y l ) + 

n<=i det(7 - yi M) Ai<2JV 



A' even 



^2 LS\(x 1 ,...x k ;yi,...,yi); 



A' odd 



and 



n*=idet(/ + x^) 
°~ ( 2JV ) — TT77 r 

^2 hS x (xi,...x k ;y 1 ,...,yi) 

Ai < 2Af 
A' even 

^2 LS x (xi,...x k ;yi,...,yi), 

Ai < 2N 
A' odd 



Consequently, using Theorem 6, Theorem 5, and Theorem 8, we obtain 
the following generalizations of Okada-Krattenthaler formulae (103) and 
(106): 

Proposition 21. Suppose N ^ I. Then we have: 



^2 LS A (xi, . . .x k ;yi, . . . ,yi) 



Ai ^2N 
A' even 



k 



e n 



Nil-sj) 



ni 1 n; = i(i+<^ 



ee{±1} j=i 3 iwi 

sgn(e) = 1 
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and 



^2 LS\(xi,...x k ;yi,...,yi) 

Ai <C 2N 
A' odd 



ik 



k 



e e {±1} 
sgn(e) = -1 



3=1 
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